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A Quantum Mechanically Guided View of Mg44Rh7
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Introduction

When chemists think of intermetallic crystal structures, we
tend to focus on a few simple structures with just one or two
atoms per unit cell. It is indeed true that many intermetallic
structures are variants of the body-centered cubic, face-cen-
tered cubic, and hexagonal close-packed structures. Howev-
er, a survey of known crystal structures reveals that a signifi-
cant fraction of intermetallics have much more complex
structures, with anywhere from several hundred to over one
thousand atoms per unit cell.[1–4] Given our abiding love
affair with simplicity, these complicated structures, if not
avoided, are often viewed as a curiosity. They do not gener-
ally form a starting point for our understanding of metals,
metallic bonding, or metallic crystal structures. However, if
nature has chosen them over all other possible arrangements
of several hundred atoms, they must carry within them some
basic information about which structural features drive an
intermetallic compound to exist.

The atomic positions in these complex structures are so
varied that in order to even start making sense of them, the

curious scientist must search for some description that
allows him or her to organize the atoms into simple, recog-
nizable patterns. Pattern seekers often adopt one of several
approaches. In a first such approach, complicated structures
may be described in terms of constellations of atoms—“clus-
ters” that make the structures easier to visualize and re-
member. In another approach, complex intermetallics are
discussed in terms of their similarities to simpler, better un-
derstood structures. And in still a third approach, these
structures are described in terms of their coordination poly-
hedra—the sets of nearest neighbors around each atom.

Each of these modes of pattern recognition can be im-
mensely helpful, at the very least as a geometrical mnemon-
ic device. Geometry is powerful, meaningful, and deep. But
there is more to chemistry than geometry, and approaches
to understanding a crystal structure must strive to identify
the patterns that are chemically meaningful. When dealing
with complicated structures, this goal is difficult to accom-
plish. For example, in the “cluster” approach to intermetal-
lics, the assemblages of atoms discussed are not actually
clusters in a chemical sense, because they are not in any way
isolated from the rest of the structure. They are simply arbi-
trary sets of atoms singled out to facilitate visualization of
the structure.

In this paper, we use quantum mechanics of the simplest
sort to guide our description of a complicated intermetallic
structure. Using Mg44Rh7, which crystallizes in the cubic
space group F4̄3m (No. 216), as our system of choice, we
build up a structural description by drawing from each of
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the pattern recognition modes
mentioned above. Starting
with a conventional cluster de-
scription of Mg44Rh7, we locate
familiar repeating motifs from
a simpler structure type
throughout the unit cell. From
these we build up coordination
polyhedra in a new way that
suggests an almost fractal char-
acter to the structure. The dif-
ference from a conventional
cluster approach is that by in-
corporating electronic struc-
ture calculations in our geo-
metric description, we emphasize those geometric features
that are implicated by quantum mechanics to be important
to the stability and bonding of the compound. By construct-
ing a description that is both chemically meaningful and
geometrically palatable, one might say we try to have our
quantum theory and eat it too. The ultimate goal in this ap-
proach is to determine which features allow such beautifully
complicated intermetallic structures to exist.

Results and Discussion

Current understanding of Mg44Rh7: When the crystal struc-
ture of Mg44Rh7 was solved by Westin in 1971,[5] it provided
solid-state chemists with a puzzle. Since then, a series of
well-crafted geometric descriptions have given us several co-
herent ways of looking at the structure, which has 408 atoms
in its cubic unit cell. Samson and Hansen[6] built the
Mg44Rh7 structure from icosahedra, pentagonal prisms, and
Friauf polyhedra, noting in particular the prevalence of five-
fold symmetry. Subsequently, Andersson[7] built the structure
from tetrahedra and octahedra, packing them together to
form pyrochlore and Keggin units.

Others have described Mg44Rh7 by using the cluster con-
cept, an approach first introduced by Bradley and Jones.[8]

The cluster view of Mg44Rh7, shown in Figure 1, describes
the structure in terms of a face-centered cubic Bravais lat-
tice of four distinct clusters of atoms. These clusters are cen-
tered at the high-symmetry points of the unit cell : (0,0,0),
(1=4,

1=4,
1=4), (

1=2,
1=2,

1=2), and (3=4,
3=4,

3=4). Several other structures
1

with similarly sized cubic unit cells have also been described
in terms of clusters.[9,10] Because the four clusters provide a
convenient starting point for our analysis of the Mg44Rh7

structure, we now describe each of these clusters in greater
detail.

The clusters in Mg44Rh7: Of the four crystallographically dis-
tinct clusters in the Mg44Rh7 structure, two are 26-atom
units known as g-brass clusters. The g-brass cluster, so
named for its presence in Cu5Zn8, is most commonly viewed
as a set of four nested polyhedra.[8] The cluster has four dis-
tinct atomic sites, named for each of these polyhedra, as
shown in Figure 2a–d. From the cluster center outward, the
four sites are: inner tetrahedron (IT), outer tetrahedron
(OT), octahedron (OH), and cubo-octahedron (CO). While
these designations make the cluster easier to visualize, the
connections shown between atoms are not always as chemi-
cally meaningful. For example, the cubo-octahedron con-
nects atoms on the order of 5 O apart—significantly longer
than any reasonable bond length.

Figure 1. The arrangement of clusters in the Mg44Rh7 structure. a) The four unique clusters are represented by
differently colored spheres. Clusters are centered at the high-symmetry points of the crystal, with four copies
of each cluster in the cubic unit cell in a face-centered arrangement. b) Clusters are shown along the body di-
agonal, and c) their identities are revealed.

Figure 2. The g-brass cluster, viewed as four nested polyhedra: a) an
inner tetrahedron, b) an outer tetrahedron, c) an octahedron, and d) a
cubo-octahedron. e) Alternatively, the cluster can be seen as a tetrahe-
dron of tetrahedra and an adamantane cage.

1 These structures include Li22Pb5,
[11] Na6Tl,

[6] Mg6Pd,
[12] Cu41Sn11,

[13]

Sm11Cd45,
[14] Zn78Fe22,

[15] Li22Si5,
[16] Zn6.5ACHTUNGTRENNUNG(Fe,Ni),[17] Al69Ta39,

[18] Mg29Ir4,
[19]

Zn20.44Mo,[20] Zn21Pt5,
[21] and Li13Na29Ba19.

[22] Each of these compounds
crystallizes in space group F4̄3m (No. 216), has between 396 and 488
atoms in its cubic unit cell, and can be described in terms of distinct
clusters centered at the high-symmetry points of the crystal.
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An alternative view of the g-brass cluster places together
the IT and CO sites in a tetrahedron of tetrahedra, and the
OT and OH sites in an adamantane-like cage. This construc-
tion, shown in Figure 2e, is more suggestive of the experi-
mental site preferences in many g-brass variants. In g-brass
itself (Cu5Zn8), for example, Zn atoms occupy the IT and
CO sites shown in gray, while Cu atoms occupy OT and OH
shown in green.[23] More generally, electronic structure cal-
culations have shown that the less electronegative element
in a g-brass variant prefers the IT and CO sites, while the
more electronegative element prefers OT and OH.[24]

In addition to the two 26-atom g-brass clusters, the
Mg44Rh7 structure also contains a 34-atom unit known as a
Ti2Ni cluster, so named for its similarity to the Ti2Ni struc-
ture. Once again, the four distinct sites in this cluster can
conveniently be classified as nested polyhedra, as shown in
Figure 3a–d. The sites are: octahedron (OH), cubo-octahe-
dron2 (CO), outer tetrahedron (OT), and truncated tetrahe-
dron (TT). This cluster has previously been described as a
smaller 22-atom cluster,[9] but for reasons that will become
clear soon, we extend it farther. In compounds with the

Ti2Ni structure, experimental site preferences usually place
the more electronegative element at the OT site shown in
orange.[4] In Ti2Ni itself, for example, Ni atoms occupy the
OT site and Ti atoms occupy the remaining sites.[26] The
Ti2Ni structure, an interlocking network of these Ti2Ni “clus-
ters,” is shown in Figure 3e. A single one of these 34-atom
units is emphasized, and typical experimental site preferen-
ces are indicated.

The fourth and final cluster in Mg44Rh7 will here be de-
scribed as a 16-atom face-centered cubic unit. This cluster,
shown in Figure 4, can be viewed in two ways. First, it can

be seen as an inner tetrahedron (IT) and a truncated tetra-
hedron (TT), as in Figure 4a,b. Alternatively, as in Figure 4c,
the cluster can be viewed as parts of three layers of cubic
closest packing. Because all atoms in a true face-centered
cubic structure are crystallographically equivalent, the clus-
ter concept does not allow us to predict the relative electro-
negativities of the two different sites, IT and TT.

These four distinct clusters, when placed at the high-sym-
metry points of the Mg44Rh7 unit cell, give a full atomistic
description of the structure. Each of the fourteen crystallo-
graphically inequivalent sites in Mg44Rh7 lies at a distinct
site in one of these clusters.

Site preferences in Mg44Rh7: Based on typical site preferen-
ces in the separate g-brass, Ti2Ni, and face-centered cubic
structures, one can partially rationalize which sites in
Mg44Rh7 are likely to be occupied by Mg and Rh. Because
Rh (2.28 on the Pauling electronegativity scale) is signifi-
cantly more electronegative than Mg (1.31), one expects Rh
atoms to occupy some combination of the OT and OH sites
of the g-brass clusters (see Figure 2) and the OT site of the
Ti2Ni cluster (see Figure 3), the electronegative sites of
these two structure archetypes. The left half of Figure 5 indi-
cates that this prediction is fairly accurate. Of the fourteen

Figure 3. The Ti2Ni cluster, viewed as four nested polyhedra: a) an octa-
hedron, b) a cubo-octahedron that forms octahedra sharing faces with
the central octahedron, c) an outer tetrahedron, and d) a truncated tetra-
hedron. e) The cluster is also shown in the Ti2Ni structure itself.

Figure 4. The face-centered cubic cluster, first viewed as nested poly-
hedra: a) an inner tetrahedron and b) a truncated tetrahedron. c) Alter-
natively, the atoms are shown in cubic close-packed layers.

2 This is a cubo-octahedron in name only. It is very distorted, and can be
more accurately described as the outer layer of a pyrochlore unit.[25]
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crystallographically distinct sites in Mg44Rh7, eleven are oc-
cupied by Mg atoms (red vertices), and three by Rh (blue
vertices). The three Rh sites are the OT site of g-brass clus-
ter 1 (g1-OT3), the OH site of g-brass cluster 2 (g2-OH),
and the OT site of the Ti2Ni cluster (Ti2Ni-OT).

Although these site preferences are not entirely surpris-
ing, they at the same time show the limitations of the cluster
model. The cluster model makes no distinction between the
OT and OH sites of the two different g-brass clusters. It
therefore does not explain why the OT site of one g-brass
cluster and the OH site of the other are occupied by Rh.

A quantum mechanically guided description of Mg44Rh7,
as we will see, need not have this limitation. To lead us
toward understanding the site preferences and constructing

such a quantum mechanical description, we use Mulliken
populations based on simple electronic structure calcula-
tions.

The procedure used to calculate Mulliken populations of
the fourteen sites in Mg44Rh7 is given in the Computational
Methods section of this paper. The results of this calculation
are shown in the right half of Figure 5. Black and white
spheres, their radii scaling with the magnitudes of the charg-
es, are used to represent electron-rich and electron-poor
sites. We note two key results of this calculation. First, the
three most electron-rich sites are the three sites occupied by
Rh atoms. This is expected, as Rh is the more electronega-
tive element. Therefore, extended H?ckel Mulliken popula-
tions agree with the experimentally known site preferences.
The second result is more surprising. The Mulliken popula-
tions tell us that after the three Rh sites, the next most elec-
tron-rich site is the TT site of the face-centered cubic cluster
(FCC-TT), which is occupied by Mg. Based on the cluster
concept described earlier, we might have expected the re-
maining OT and OH sites in the g-brass clusters (g2-OT and
g1-OH) to be more electron-rich. However, after the three
Rh sites, the FCC-TT site is the next most electron-rich by a
significant margin.

The Mulliken populations suggest that there are features
of Mg44Rh7 which the cluster concept alone cannot explain.
At the heart of our problem, we must devise a description
that differentiates the g1-OT and g2-OH sites, which are
quite electron-rich and occupied by Rh, from the g2-OT and
g1-OH sites, which are less electron-rich and occupied by
Mg. Also, our description must explain why the FCC-TT
site is as electron-rich as it is. From this point forward, we
use these facts to help us build upon the cluster view, and
guide us toward a more telling description of the Mg44Rh7

structure. In doing so, we will show how some interesting
geometric features arise naturally from an elaborate twin-
ning network of the clusters.

Searching for less obvious clusters : The previous results are
tantalizing. They suggest that a cluster description can be
used to rationalize some, but not all, of the atomic site pref-
erences and Mulliken populations in the Mg44Rh7 structure.
We posit that the limitation of the current cluster method is
not inherent in the use of clusters, but rather a result of the
fact that the clusters considered so far are centered solely at
points of high crystallographic symmetry. While visually ap-
pealing, there is no reason that high-symmetry clusters are
more chemically meaningful than those at other locations in
the unit cell. We proceed to examine critically and systemat-
ically the Mg44Rh7 structure for clusters similar to those pre-
viously described, but which are not located at high-symme-
try points.

Which cluster types might we search for? In the case of
Mg44Rh7, the natural cluster types are the three already
found at high-symmetry points—the g-brass, Ti2Ni, and FCC
cluster types. As we are to use this cluster analysis to ex-
plain site preferences and Mulliken populations, and as the
FCC structure is an elemental structure in which all sites are

Figure 5. On the left, site placements in the four clusters of Mg44Rh7: a)
g-brass cluster 1 (g1), b) g-brass cluster 2 (g2), c) FCC cluster, d) Ti2Ni
cluster. The three Rh sites in the structure are g1-OT, g2-OH, and Ti2Ni-
OT. On the right, Mulliken populations for the homoatomic eH calcula-
tion of Mg44Rh7. Charges of greater magnitude are represented by larger
spheres. The three most electron-rich sites are occupied by Rh, the more
electronegative element.

3 Here we begin to introduce our own nomenclature for the crystallo-
graphic sites in Mg44Rh7. In the Supporting Information, we provide
the names of the sites in past literature about the compound.
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equivalent, we limit our search to the g-brass and Ti2Ni clus-
ters.

We first search the unit cell for g-brass clusters. As dis-
cussed earlier, the innermost layer of a g-brass cluster (Fig-
ure 2a) is the inner tetrahedron. We therefore begin by
looking for all distinct tetrahe-
dra in the Mg44Rh7 structure.
To ensure that these tetrahe-
dra are nearly regular in geom-
etry, we require that pairs of
atoms within a tetrahedron are
separated by no more than
3.52 O—10% longer than the
distance between nearest
neighbors in elemental Mg.
There are 23 distinct tetrahe-
dra in Mg44Rh7 that obey this
criterion. We next determine which of these 23 tetrahedra
also possess the second layer of the g-brass cluster, the outer
tetrahedron (Figure 2b). The second layer consists of four
atoms that cap each face of the inner tetrahedron, forming
four more face-sharing tetrahedra. We therefore look for
candidates with four face-sharing tetrahedra (again with
contacts no longer than 3.52 O) around the inner tetrahe-
dron.

As shown in Table 1, only six of the 23 tetrahedra are the
centers of the two innermost layers of the g-brass cluster,
the inner and outer tetrahedra. For these six remaining can-
didates, we continue this process, checking whether the third
layer (Figure 2c, the octahedron) and fourth layer (Fig-
ure 2d, the cubo-octahedron) of the g-brass cluster are pres-
ent. The result is that the only two of these six candidates
that contain all four g-brass sites are the two previously de-
scribed g-brass clusters centered at high-symmetry points.
The other four candidates, as it turns out, are contained en-
tirely within the outer layers of one of these two high-sym-
metry g-brass clusters. This means that, outside of the two
conventional g-brass clusters, the Mg44Rh7 structure does
not have even so much as the two innermost shells of a g-
brass cluster elsewhere in the structure.

The search for copies of the Ti2Ni cluster proves more in-
teresting. Recall that the innermost layer of a Ti2Ni cluster
(Figure 3a) is the octahedron. We therefore begin by search-

ing for all the octahedra in Mg44Rh7. Again, we require that
all atoms within an acceptable octahedron are located no
more than 3.52 O from their four nearest neighbors in the
octahedron. As indicated by the first column of Table 2,
only six such octahedra exist in the Mg44Rh7 structure. We

narrow this list further by determining which of these candi-
dates possess the second layer of the Ti2Ni cluster, the cubo-
octahedron (Figure 3b). The second layer consists of twelve
atoms that create four octahedra sharing faces of the central
octahedron. We therefore look for candidates with four
face-sharing octahedra (again with contacts no longer than
3.52 O) around the central octahedron. This leaves three
candidates, as the second column of Table 2 shows. Continu-
ing the examination of these three remaining candidates, we
find that all three also possess the third layer (Figure 3c, the
outer tetrahedron) and fourth layer (Figure 3d, the truncat-
ed tetrahedron) of the Ti2Ni cluster. One of them (the octa-
hedron consisting of six Ti2Ni-OH atoms) is simply the con-
ventional Ti2Ni cluster centered at a high-symmetry point.
The other two, which are not centered at high-symmetry
points, are new to us and will be discussed further in the
next section.

Understanding site preferences: g1-OT and g2-OH versus
g2-OT and g1-OH : In the previous section, it was concluded
that, while the Mg44Rh7 structure contains no copies of the
g-brass cluster aside from those centered at high-symmetry
points, two additional copies of the Ti2Ni cluster are present,
and could be worth further analysis. Figure 6 shows where
these two “twins” of the Ti2Ni cluster are located with re-
spect to the high-symmetry clusters. In Figure 6a, we begin
with several conventional clusters (i.e. , clusters centered at
high-symmetry points)—one Ti2Ni cluster, three FCC clus-
ters, and one g-brass 1 cluster. Figure 6b highlights 34 atoms
at the interface of the conventional clusters which, as Fig-
ure 6c shows, constitute one of the twins of the Ti2Ni cluster.
Although this set of atoms, which we will refer to as Ti2Ni
twin 1, lacks the true tetrahedral symmetry of the conven-
tional Ti2Ni cluster, it has all 34 atoms with only minor dis-
tortion. Similarly, the bottom half of Figure 6 shows the
second type of Ti2Ni twin, which we will refer to as Ti2Ni
twin 2. At the interface of one conventional Ti2Ni, two FCC,
two g-brass 1, and one g-brass 2 cluster (Figure 6d), another
group of 34 atoms (Figure 6e) is shown to be a twin of the
Ti2Ni cluster (Figure 6f).

Table 1. g-Brass clusters in the Mg44Rh7 structure.

Atoms in
tetrahedron

# of face-sharing
tetrahedra

Complete
g-brass

Identity

(all contacts �3.52 O) cluster?

g1-IT,IT,IT,IT 4 Yes g-brass cluster 1
g2-IT,IT,IT,IT 4 Yes g-brass cluster 2
g1-IT,IT,IT,OT 4 No
g1-IT,IT,OT,OH 4 No
g2-IT,IT,IT,OT 4 No
g2-IT,IT,OT,OH 4 No

Table 2. Ti2Ni clusters in the Mg44Rh7 structure.

Atoms in octahedron # of face- Complete Identity
(all contacts �3.52 O) sharing octahedra Ti2Ni cluster?

Ti2Ni-OH,OH,OH,OH,OH,OH 4 Yes Ti2Ni cluster
Ti2Ni-OH,OH,OH,CO,CO,CO 4 Yes Ti2Ni twin 1
g1-CO, Ti2Ni-OH,CO,CO,TT,TT 4 Yes Ti2Ni twin 2
FCC-IT,IT,IT,TT,TT,TT 3 Ti2Ni partial twin 1
g2-CO,CO, Ti2Ni-TT, FCC-IT,TT,TT 3 Ti2Ni partial twin 2
g1-OH,CO, g2-CO, Ti2Ni-CO,TT, FCC-TT 3 Ti2Ni partial twin 3
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Taken alone, the observation of twins of the Ti2Ni cluster
is nothing more than a geometric curiosity. However, when
considered along with the experimental Mg versus Rh site
preferences, the twins take on a more fundamental role in
describing the electronic structure of Mg44Rh7. As it turns
out, we may use the original Ti2Ni cluster and its twins to
account for the Mg versus Rh site preferences in Mg44Rh7—
in particular, to sort out the mystery of why Rh atoms
occupy different sites in the two g-brass clusters.

Without even considering the symmetry of Mg44Rh7 or
the names of the various crystallographic sites, one can look
at the Ti2Ni cluster (Figure 5d) and twins (Figure 6c,f), and
see that they have strong similarities. In all three 34-atom
units, there are exactly four Rh atoms, and they occupy the
four positions on the outer tetrahedron. These are exactly
the positions at which we would expect electronegative
atoms to be found, based on known compounds with the
Ti2Ni structure (see Figure 3). However, because the Ti2Ni
fragments are crystallographically inequivalent, the Rh
atoms on their outer tetrahedra have different crystallo-
graphic names. In the high-symmetry Ti2Ni cluster, the four
Rh atoms are all located at Ti2Ni-OT positions. In Ti2Ni
twin 1 (Figure 6c), they occupy three Ti2Ni-OT positions and
one g1-OT position. In Ti2Ni twin 2 (Figure 6f), they occupy
two Ti2Ni-OT positions, one g1-OT position and one g2-OH
position.

Thus, the tendency of electronegative Rh atoms to occupy
the positions on the outer tetrahedra of Ti2Ni clusters and
twins explains why they are present at the g1-OT and g2-
OH sites, and not at the g2-OT and g1-OH sites. Rather
than seeing the three Rh sites in Mg44Rh7 as a hodgepodge
of positions on different clusters, it is therefore less mysteri-

ous to view them as the posi-
tions on the outer tetrahedron
of each occurrence of a Ti2Ni
cluster or twin.

Rationalizing Mulliken popula-
tions—the FCC-TT site : That
the Ti2Ni cluster and twins suc-
cessfully account for the Mg
versus Rh site preferences in
Mg44Rh7 is most encouraging.
But it still does not answer the
question of why FCC-TT is the
most electron-rich of the Mg
sites. This question can be ad-
dressed by taking our twinning
picture one step farther, and
noting that the Mg44Rh7 struc-
ture contains yet more frag-
ments of Ti2Ni. Recall from
Table 2 that, in addition to the
octahedra at the centers of the
high-symmetry Ti2Ni cluster
and its two twins, there are
three more types of octahedra

in the Mg44Rh7 structure. As it turns out, each of these three
octahedra forms the center of a 25-atom partial twin of the
Ti2Ni cluster, illustrated in Figure 7. Each of these partial
twins is missing nine atoms from the conventional cluster—
three from the cubo-octahedron and six from the truncated

Figure 6. Two types of twins of the Ti2Ni cluster, constructed at the interfaces of the conventional clusters. a,d)
Conventional clusters are centered at high-symmetry points in the crystal. b,e) Thirty-four atoms at the con-
ventional cluster interfaces c,f) are connected to form Ti2Ni twins.

Figure 7. The atoms that comprise the Ti2Ni partial twins in Mg44Rh7. As
compared to a) the Ti2Ni cluster and twins previously discussed, b) the
Ti2Ni partial twins lack nine atoms (three from the cubo-octahedron and
six from the truncated tetrahedron) that are significantly displaced from
their original positions.
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tetrahedron—which are highlighted in Figure 7b. Unlike the
partial g-brass clusters that were excluded from consider-
ation earlier in this paper, these partial Ti2Ni twins do not
reside within the previously established Ti2Ni cluster or
twins.

The placements of these three types of Ti2Ni partial twins
within the Mg44Rh7 structure are shown in Figure 8. Once

again, their importance becomes apparent when one notes
which sites are on their outer tetrahedra. In Ti2Ni partial
twin 1 (Figure 8b), the outer tetrahedron consists of one Rh
atom at a Ti2Ni-OT position and three Mg atoms at FCC-
TT positions (recall that the FCC-TT site is by Mulliken
population the most electron-rich Mg site). In partial twin 2
(Figure 8c), the outer tetrahedron consists of one Rh atom
at a Ti2Ni-OT position, a second Rh atom at a g2-OH posi-
tion, and two Mg atoms at FCC-TT positions. Finally, in par-
tial twin 3 (Figure 8d), the outer tetrahedron consists of one
Rh atom at a Ti2Ni-OT position, a second Rh atom at a g1-
OT position, a third Rh atom at a g2-OH position, and one
Mg atom at a FCC-TT position.

To sum up, each of the three types of Ti2Ni partial twins
have outer tetrahedra consisting of some combination of the
three Rh sites and the single most electron-rich Mg site—
the FCC-TT site. This suggests why in our eH electronic
structure calculations, FCC-TT was the most electron-rich of
the eleven Mg sites in Mg44Rh7. This result can now be ex-
plained by the observation that the FCC-TT site lies on the
outer tetrahedra of all three types of Ti2Ni partial twins. To
put it another way, because the FCC-TT site has an environ-
ment similar to that of the three Rh sites once we allow our-

selves to see the partial twins, it is not surprising that the
FCC-TT site is nearly as electron-rich as the Rh sites.

The twinning of Ti2Ni clusters appears to correlate with
the electron-richness of the various crystallographic sites in
Mg44Rh7. In Table 3, we further demonstrate this correlation
by showing how the Mulliken population of an atom varies
with the number of Ti2Ni fragments in which it appears on
the outer tetrahedron. We see that the larger the number of
ways an atom can be shown on the outer tetrahedron of a
Ti2Ni unit, the more electron-rich that atom is in our elec-
tronic structure calculations.

Fivefold symmetry and the edge-capped stella quadrangula :
In the previous section, we found that the four most elec-
tron-rich sites in the Mg44Rh7 structure all lie on electron-
rich positions of the Ti2Ni fragments. This modified cluster
view successfully accounts for the site preferences and the
ordering of Mulliken populations in Mg44Rh7. Nonetheless,
there are some potentially troubling aspects of this cluster
picture. Perhaps the most troubling aspect of our current de-
scription is its complete focus on individual Ti2Ni fragments,
rather than the interplay among them. We have yet to de-
scribe how the Ti2Ni pieces fit together within the larger
crystal structure. And yet, the interplay among the various
Ti2Ni fragments must have important consequences to the
structure. For example, as we have already seen, each atom
at the most electron-rich site in the Mg44Rh7 structure
(Ti2Ni-OT) sits simultaneously on 20 Ti2Ni pieces. Not only
do Ti2Ni fragments lie near each other, they in fact overlap
with one another in what seems at first a structurally com-
plex manner.

In this section, we begin to explore the structural inter-
play among the Ti2Ni fragments in Mg44Rh7. We will focus
our attention on just the core region of each Ti2Ni piece. In
this manner, we will find components that do not overlap
spatially, but instead share faces, edges, and vertices with
one another. As such sharings are familiar to solid-state
chemists, the juxtaposition of the Ti2Ni fragments becomes
much easier to visualize.

Figure 8. Three types of partial twins of the Ti2Ni cluster, constructed at
the interfaces of the conventional clusters. a) Conventional clusters are
centered at high-symmetry points in the crystal. b,c,d) Twenty-five atoms
at the conventional cluster interfaces are connected to form Ti2Ni partial
twins.

Table 3. Ranking the Mulliken populations.

Site Atom
type

Mulliken
population

Number of appearances
on outer tetrahedron
of Ti2Ni fragment per atom

Ti2Ni-OT Rh �0.10 20
g1-OT Rh �0.08 10
g2-OH Rh �0.07 8
FCC-TT Mg �0.05 5
g2-OT Mg �0.01 0
FCC-IT Mg �0.00 0
g1-IT Mg +0.02 0
g1-CO Mg +0.02 0
g2-IT Mg +0.02 0
Ti2Ni-CO Mg +0.02 0
g1-OH Mg +0.04 0
g2-CO Mg +0.04 0
Ti2Ni-TT Mg +0.04 0
Ti2Ni-OH Mg +0.07 0
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We begin our simplified description in Figure 9, directing
much of our focus to the electron-rich outer tetrahedron of
each Ti2Ni piece. Each panel of this figure covers the same
region in the Mg44Rh7 structure, but emphasizes a particular
feature of the structure. Panels in Figure 9a–e emphasize
different individual 34-atom Ti2Ni clusters or twins in the
region. As these pictures show, and as we discussed above,
the various Ti2Ni fragments lie in an overlapping arrange-
ment. Our understanding of the relative placement of these
fragments sharpens if we focus just on the outer tetrahedron
of each Ti2Ni piece. Each of these outer tetrahedra consists
of four Rh atoms. In Figure 9f, we examine five of these
outer tetrahedra, represented as opaque blue, green, and
purple units. (Each color of tetrahedron represents a crystal-
lographically distinct Ti2Ni cluster or twin, consistent with
the first five panels of the figure.) These five outer tetrahe-
dra share faces, edges, and vertices with one another, but
unlike the full Ti2Ni pieces, do not overlap in space. As Fig-
ure 9f shows, the outer tetrahedra take on the appearance
of a fivefold wheel. For the sake of clarity, only one fivefold

wheel is shown, but there are actually
five more crystallographically equiva-
lent interpenetrating wheels sharing
the same conventional (blue) Ti2Ni
cluster.

In Figure 10, we extend beyond the
fivefold wheels to build an even larger
unit consisting of the outer tetrahedra
of Ti2Ni fragments. The previously de-
scribed fivefold wheel (Figure 10a) is
actually part of an icosahedron (Fig-
ure 10b). The 20 tetrahedra that com-
prise this icosahedron4 (19 of which
are slightly distorted) are all outer tet-
rahedra of the various types of Ti2Ni
clusters, twins, and partial twins (Fig-
ure 10c). This is consistent with the
fact that each Rh atom at a Ti2Ni-OT
site is part of 20 different Ti2Ni units
(see Table 3). We extend this picture
farther in Figure 10d by showing that
the icosahedron of Ti2Ni outer tetra-
hedra is part of an even larger unit—a
formation consisting of four interlock-
ing icosahedra, in which each tetrahe-
dron is the outer tetrahedron of a
Ti2Ni cluster, twin, or partial twin.

Although Figure 10 illustrates how
the various outer tetrahedra fit togeth-
er, it does not yet give us a sense of
where the distinct crystallographic
sites lie in the Mg44Rh7 structure. In
Figure 11, we build this same con-
struction from the center outward,
one crystallographic site at a time. We
start with the outer tetrahedron of the
conventional high-symmetry Ti2Ni

cluster, consisting of four Ti2Ni-OT atoms (Figure 11a). We
cap the four faces of this tetrahedron with Rh atoms at the
g1-OT positions, forming the outer tetrahedra of Ti2Ni
twin 1 (Figure 11b). Next, we cap the edges of the resulting
polyhedron with six Rh atoms at the g2-OH positions, form-
ing the outer tetrahedra of Ti2Ni twin 2 (Figure 11c). Finally,
we cap the edges again with twelve Mg atoms at the FCC-
TT positions, forming the outer tetrahedra of all three types
of Ti2Ni partial twins (Figure 11d).

This set of 26 atoms in Figures 10d and 11d is known as
an edge-capped stella quadrangula, and has been previously
noted for its prevalence in intermetallic and ionic struc-
tures.5 We see here that the outer tetrahedra of the various
Ti2Ni units in Mg44Rh7 form an edge-capped stella quadran-

Figure 9. Six views of the same region of the Mg44Rh7 structure: a) the conventional cluster view,
b,c,d,e) four views showing twins of the Ti2Ni cluster at the interfaces of the conventional clusters,
and f) a view emphasizing the fivefold symmetry that accompanies this twinning of the Ti2Ni cluster.

4 An icosahedron with an atom in its center can also be viewed as 20
face-sharing tetrahedra.

5 When Nyman and Andersson introduced the edge-capped stella quad-
rangula, they suggested that it is the furthest extent to which tetrahedra
can be packed in space without severe distortion. They also asserted
that the stella quadrangula and its edge-capped variants are important
building units in many intermetallic and ionic structures.[27,28]
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gula. As demonstrated in Figure 12 by Mulliken populations,
this edge-capped stella quadrangula proves to be the essen-
tial unit not just in locating the electron-rich atoms on the
outer tetrahedra of Ti2Ni pieces, but in understanding all the
crystallographic sites in the Mg44Rh7 structure.

The electronic basis of the stella quadrangula model : In the
left half of Figure 12, we again build the edge-capped stella
quadrangula from center outward, this time showing all the
atoms in the vicinity, rather than just those on the outer tet-
rahedra of Ti2Ni fragments. The newly introduced atoms, all
of which are Mg and are represented by red balls, are locat-
ed at roughly the center of each edge of this construction.

We now come to an important point. As shown in the
right half of Figure 12, the atoms on the vertices and those
on the edges differ electronically. The atoms on the vertices
of the edge-capped stella quadrangula (i.e., those on the
outer tetrahedra of Ti2Ni fragments) are electron-rich, while
the atoms on the edges are electron-poor or neutral.

This construction therefore illustrates a potentially chemi-
cally significant order in the Mg44Rh7 structure. Rather than
describing the structure as a hodgepodge of clusters in
which site preferences and Mulliken populations are some-
what mysterious, we now describe it in terms of a single
building block from which the site preferences and relative
Mulliken populations follow naturally. We now see an edge-
capped stella quadrangula in which electron-rich atoms
occupy the vertices, and electron-poor or neutral atoms lie
at the center of each edge.

Surprising features of
Mg44Rh7: Our description of
Mg44Rh7 highlights some re-
markable features of the struc-
ture. One such feature is the
presence of the same repeating
motif—the edge-capped stella
quadrangula—on different
length scales within Mg44Rh7.
The edge-capped stella quad-
rangula is identical to a group-
ing we introduced early in this
paper, but referred to by a dif-
ferent name. As shown in
Figure 13, the 26-atom edge-
capped stella quadrangula is
fully equivalent to the 26-atom
g-brass cluster. However, there
is an important difference be-
tween the g-brass clusters we
described in Figure 2 and the
edge-capped stella quadrangu-
la we introduced in Figure 10.
The g-brass clusters occur on
roughly the length scale of the
chemical bond (nearest neigh-
bors lie between 2.69 and
3.88 O apart), and include all

atoms within a given region of the Mg44Rh7 structure. The
edge-capped stella quadrangula we introduced in Figure 10,
however, is on a longer length scale (nearest neighbors lie
between 5.56 and 6.43 O apart), and does not include all
atoms in the region. It includes only the most electron-rich

Figure 10. Larger features of fivefold symmetry in the Mg44Rh7 structure.
a) The fivefold wheel of outer tetrahedra of Ti2Ni fragments is part of
b,c) an icosahedron of such outer tetrahedra. This icosahedron is in turn
part of d) a formation of four interlocking icosahedra.

Figure 11. An alternate way to build up the interlocking icosahedra, this time from center outward. a,b,c,d)
The outer tetrahedra of the various Ti2Ni fragments are placed face-to-face to form the same 26-atom arrange-
ment as shown earlier.
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atoms in the Mg44Rh7 structure—the three Rh sites, and the
most electron-rich Mg site.

This suggests a fractal-like hierarchy in the Mg44Rh7 struc-
ture. At the length scale of chemical bonds, atoms arrange
themselves in 26-atom g-brass clusters, which are equivalent
to edge-capped stellae quadrangulae. Meanwhile, the most
electron-rich atoms in the structure fix their positions at the
vertices of larger 26-atom edge-capped stellae quadrangulae.
All of these polyhedra on different length scales interpene-
trate to form the intricate Mg44Rh7 structure that nature so
cleverly devised.

The second remarkable feature of Mg44Rh7 is the preva-
lence of fivefold symmetry in its diffraction pattern. As illus-
trated throughout this paper, and previously by Samson and
Hansen,[6] the Mg44Rh7 structure is filled with features of ap-
proximate fivefold symmetry, in the form of fivefold wheels,
icosahedra, and edge-capped stellae quadrangulae. The
structure as a whole also exhibits a push toward fivefold
symmetry, which manifests itself not only in the crystallo-
graphic geometry, but also in a striking way in reciprocal
space. Note the approximate fivefold symmetry in the simu-

lated single-crystal diffraction
pattern of Mg44Rh7 in the
[110] direction,[29] shown in
Figure 14.

Interestingly, the fivefold
symmetry in Mg44Rh7 is along
the h110i directions, rather
than the h1t0i directions more
commonly associated with qua-
sicrystalline approximants.[30]

Although the apparent fivefold
symmetry in Mg44Rh7 cannot
be true crystallographic sym-
metry, the diffraction pattern
can apparently approach five-
fold symmetry as a limit as
fiveACHTUNGTRENNUNGfold formations within the
structure become increasingly
decorated. This approximate
fiveACHTUNGTRENNUNGfold symmetry could well
be an essential part of the sta-
bility of the compound.

Conclusion

We have presented a new description of the Mg44Rh7 struc-
ture. There are several features of our lengthy description
that we believe are worth noting. First, the computational
methods used in this paper are simple enough to allow for
calculations of even the largest known intermetallic and
ionic crystal structures, which have upwards of one thousand
atoms per unit cell. But perhaps more importantly, our ap-
proach suggests a general way in which large intermetallic
structures can be understood. As long as one chooses an ap-
propriate cluster to search for, our approach can be general-
ized to a wide variety of structures. The search algorithm we
employed, which checks the entire unit cell for copies of a

Figure 12. Site preferences and Mulliken populations within the edge-capped stella quadrangula. a,b,c,d) The
edge-capped stella quadrangula is again built in layers, this time with Mg atoms at the center of each edge.
e,f,g,h) Mulliken populations show that electron-rich atoms occupy the vertices, while electron-poor or neutral
atoms occupy the edge-centers.

Figure 13. Two views of the 26-atom g-brass cluster. The cluster can be
described a) as nested polyhedra or b) as an edge-capped stella quadran-
gula, consisting of four interlocking icosahedra.

Figure 14. Simulated single-crystal X-ray diffraction pattern of Mg44Rh7,
viewed in the [110] direction. Only the ten brightest peaks are shown.
We provide a more complete list of peaks in the Supporting Information.
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given atomic arrangement, is an unbiased way to locate a
given geometric feature.

The concept of identifying important building units and
searching for them in a structure is already deeply ingrained
in the minds of chemists. When organic chemists view mole-
cules, their eyes are drawn to familiar motifs such as aro-
matic rings and cyclohexane rings, from which they have
come to expect certain chemical behaviors. The approach in
this paper is predicated on this same idea of systematically
searching for familiar (and in our case, fundamentally inter-
metallic) chemical units, such as the 26-atom g-brass cluster
or the 34-atom Ti2Ni cluster, to explore an unfamiliar crystal
structure.

The concept of viewing a solid-state structure as a combi-
nation of overlapping atomic clusters (as in Figures 6, 8, and
9) is also one with a parallel in organic chemistry—namely,
resonance. When organic chemists invoke resonance, they
draw multiple configurations of two-electron bonds, because
just one configuration cannot satisfactorily describe the elec-
tronic structure. Likewise, we highlight multiple copies of
overlapping clusters,6 because just one cluster cannot ac-
count for all site preferences and Mulliken populations in
Mg44Rh7. Our observation, that the most electron-rich sites
in Mg44Rh7 are those that appear on the outer tetrahedra of
the most Ti2Ni fragments, is equivalent to saying the most
electron-rich atoms are those that lie at electron-rich posi-
tions in the greatest number of resonance structures.

Because we use electronic structure calculations as a
guide, the goal of our approach is to uncover geometric fea-
tures that are more likely to be of chemical importance to
the compound. These features—notably the fractal-like
structure with edge-capped stellae quadrangulae on differ-
ent length scales, and the approximate fivefold symmetry of
the h110i single-crystal diffraction patterns—are present in
many other complicated intermetallic and ionic structures.
Only by cataloguing these and similar features in a variety
of structures can we hope to explore the open question of
what drives such complex crystal structures to exist.

Computational Methods

We used LDA-DFT-calibrated extended H?ckel (eH) calculations to
derive the experimentally known Mg versus Rh site preferences in
Mg44Rh7. Using the same “generic” atomic parameters at all atomic sites
in Mg44Rh7, Mulliken populations were calculated, and the more electro-
negative Rh atoms were assumed to prefer sites with larger Mulliken
populations. This assumption has been successfully employed to derive
intermetallic site preferences many times in the past.[24,32–36] Before Mul-
liken populations could be calculated, atomic parameters for the eH cal-
culation of Mg44Rh7 were calibrated against LDA-DFT calculations to
ensure that they were physically reasonable.

As a first step in the parameter calibration process, a “parent compound”
was selected—one with a somewhat similar stoichiometry and structure
to the compound of interest, but with a unit cell small enough to allow
LDA-DFT calculations. In this case, a reasonable choice was Mg5Rh2,
which crystallizes in hexagonal space group P63/mmc (No. 194).

Next, the LDA-DFT band structure of the parent compound Mg5Rh2 was
calculated using the VASP package[37–40] with ultra-soft Vanderbilt pseu-
dopotentials.[41] Starting with the experimentally determined crystal struc-
ture of Mg5Rh2,

[42] unit-cell dimensions and atomic positions were opti-
mized by using a 3T3T3 Monkhorst-Pack k-point mesh.[43] Charge densi-
ty was then calculated by using a 5T5T5 Monkhorst-Pack k-point mesh.
Finally, the LDA-DFT band structure of Mg5Rh2 shown in Figure 15a
was calculated k-point by k-point, using the previously determined
charge density.

After this LDA-DFT band structure was calculated, eH atomic parame-
ters of Mg and Rh were adjusted until they generated an eH band struc-
ture of Mg5Rh2 with features similar to the LDA-DFT band structure.
All eH calculations were carried out with the YAeHMOP package,[44] by
using experimentally determined crystal structures rather than theoreti-
cally optimized geometries. The eH atomic parameters that provided the
closest match to the LDA-DFT band structure were: Hii ACHTUNGTRENNUNG(Mg 3s)=
�9.0 eV, zs=1.1; Hii ACHTUNGTRENNUNG(Mg 3p)=�4.5 eV, zp=1.1; Hii ACHTUNGTRENNUNG(Rh 5s)=�8.09 eV,
zs=2.135; Hii ACHTUNGTRENNUNG(Rh 5p)=�4.57 eV, zp=2.1; Hii ACHTUNGTRENNUNG(Rh 4d)=�9.0 eV, z1d=
4.29, z2d=1.70, c1d=0.5807, c2d=0.5685. Figure 15b shows the eH band
structure generated by using these calibrated parameters, while Fig-
ure 15c shows the eH band structure generated using default parame-
ters.[45]

As the pictures suggest, raising the Rh 4d orbital energies from Hii-
ACHTUNGTRENNUNG(Rh 4d)=�12.5 eV to Hii ACHTUNGTRENNUNG(Rh 4d)=�9.0 eV substantially improves the fit

Figure 15. Band structures of Mg5Rh2 near the Fermi energy, calculated
using a) LDA-DFT methods, b) extended H?ckel methods with atomic
parameters calibrated to mimic the LDA-DFT band structure, and c) ex-
tended H?ckel methods with default Mg and Rh parameters. G= (0,0,0),
K= (�1=3,

2=3,0), M= (0,1=2,0), A= (0,0,1=2), H= (�1=3,
2=3,

1=2), and L=

(0,1=2,
1=2).

6 When dealing with solid-state structures, one who applies this tech-
nique is often said to wear “SchneringVs spectacles.”[31]
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between eH and LDA-DFT calculations. Aside from this adjustment of
the Rh 4d orbital energies, all other eH default atomic parameters
seemed reasonable. While not identical to the LDA-DFT band structure,
the calibrated eH band structure mimics many of the LDA-DFT features,
especially near the Fermi energy. Such calibration methods have proven
reliable in the past.[24,36, 46–48]

Using our newly calibrated eH atomic parameters, Mulliken populations
were calculated for the structure of interest, Mg44Rh7. All atomic sites
were given Mg parameters (the majority element), so as not to bias the
calculation toward the experimentally known site preferences. Mulliken
populations were averaged over 60 uniformly distributed k-points in the
(kx>0, ky>0, kz>0, kx�ky�kz) portion of the first Brillouin zone.
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